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Abstract 
 
Introduction: Mathematical modelling of biological processes has be-
come an invaluable tool to organize the experimental data obtained on 
macroscopic and microscopic scale. A multi-scale approach allows the  
integration of these mathematical models in a modular tool with the aim 
to monitor, predict or modify the global behaviour of a physiological 
system following therapeutic intervention.  
Methods: We have developed a simplified lumped parameter model of 
the human respiratory system where electrical and fluid dynamic ana-
logues have been used to reproduce the behaviour of air flow through 
the different branches of the respiratory system. Pressure and volume of 
the specific region and resistance to air flow are the parameters consid-
ered. The model is based on a Windkessel-type multi-compartment ap-
proach where the respiratory system consists of three compartments, 
namely the rigid upper airway, the compliant region within the pleural 
space and the alveolar region for gas exchanges. In view of its patient-
specific features, the model has the potential for personalized medical 
treatment.  
Conclusions: A lumped parameter model has been developed to study 
the behaviour of the human respiratory system in different regions. The 
model here implemented is a first step towards an integrated multi-scale 
model of human “physiome” where the different systems (respiratory, 
cardiovascular and urinary) and their interactions are described in 
mathematical terms in order to reproduce the physiological behaviour 
of the human body as a whole.  
 
 

Keywords. Respiratory system; Cardiovascular system; Lumped pa-
rameter model; Numerical Model; Simulation. 

5.1 Introduction 

In the last decades, mathematical modelling of biological processes has become a 
successful approach aimed at reorganise the huge amount of experimental data about 
population dynamics (living species, or cell populations, outbreaks of disease and 
epidemics), nerve transmission, metabolism and signal transduction (beginning with 
the celebrated model of action potential propagation by Hodgkin and Huxley in 1952) 
on disparate scales.  
Since Lotka-Volterra model of fish populations (prey-predator model) on the large 
scale (on km2 area scale), a mathematical function is assigned to describe time de-
pendence and space coordinates of the number of (interacting) individuals. Introduc-
ing some (simplifying) “rules of engagement” and using differential equations to de-
scribe the dynamics of populations, it is possible to follow the spatial evolution of the 
functions over a period of time. Anomalous phenomena can be addressed based on 
critical parameters such as the concentration of an animal species living in a bio-
environment (for a review of these models see [1], and references therein).  
These bio-mathematical models have been extended both in scale (from macroscopic 
to nanoscale) and in representative functions. Models describing the transduction of 
chemical signals in living cells and the behaviour of a variety of biological entities 
(for example, voltage and currents in nerves) have been proposed [1].  
Physiologically oriented models [2] describe organs activity by several meaningful 
and measurable quantities on a large scale (e.g., insulin concentration in regulating 
sugar in blood). The amount of publications on these processes [3] confirm the poten-
tial for every human physiological process to be described in mathematical terms. The 
aim is not just a “basic science” description of biological processes but an integrated 
effort of medical, clinical and biological research with engineering/mathematical 
theoretical models. For example, mathematical models may help with the develop-
ment of a clinical strategy aiming to optimise the pharmacological treatment of a par-
ticular cancer by targeting the highest number of neo-plastic cells and reducing the 
toxicity in surrounding tissues. Although attractive and potentially effective, this ap-
proach is limited by the lack of specific experimental data for the system being inves-
tigated where optimization methods for reverse engineering could be applied to study 
its behaviour. The task may be easier with physiological models where individual 
variability can be referred to mean values for comparison purposes with great poten-
tial for personalized medicine, i.e. patient-specific physiological processes and re-
sponses.  
Numerous 1-D, 2-D and 3-D cardiovascular models have been proposed (for a survey 
of these models see [4-6]) with different levels of accuracy where significant attention 
is given to the structural details [7], the fluid dynamics of blood [8, 9] and the com-
plex vessel geometry and network on disparate scales, from arteries to capillaries [4], 
and diseases related to blood flow [3, 10], or angiogenesis related to tumour spreading 
[11]. Similarly, accurate models have been proposed for respiratory cycle, gas flow 
and exchange through cell aggregates, and lung inflation [12, 13]. Lumped parameter 
(0-D) models describe the physiology of different organs of the human body on a less 
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detailed level, “lumping” the local features in a single global variable, much like the 
classical description of electrical circuits in terms of “global resistance” and other 
global variables.  
One of the themes of Systems Biology [14] is an integrated view of all these models to 
describe a “holistic” machine, the human body, using a comprehensive set of experi-
mental data.  
In this Chapter, we present a simplified mathematical model focused on the human 
respiratory system, based on a lumped parameter description; then, we make an at-
tempt to integrate this model (an engineering-oriented model) with the human cardio-
vascular system according to the  principles of Systems Biology.  
The ingredients are typical of fluid dynamics (liquids and gases) governed by 
Poiseuille's law (equivalent to Ohm's law and analogue electric circuits) and Newto-
nian mechanics. The parameters considered are: flow, volume, compliance and resis-
tance of different compartments, linked in terms of electrical circuit equations (Ohm 
law) and networks rules (Kirchhoff laws) in relation to some universal laws, like mass 
conservation and the second law of dynamics. The model described below represents 
the first step of a project aimed at the development of a blood gas exchanger (oxy-
genator) where oxygen is delivered to the blood whilst carbon dioxide is removed. 

5.2 Methods

The model is based on a Windkessel-type representation (0-D or lumped parameter) 
[15], where the veins are zero-pressure sinks and the vascular system, from aorta to 
capillaries, is considered as a single capacitance (the compliance of vessels) con-
nected in parallel with a resistance (to the blood flow). Although single-compartment 
Windkessel models have been shown to be inadequate to describe the complexity of 
the cardiovascular system requiring upgrading to Westkessel [16] or Guyton [17] 
models, a modified Windkessel model [15] may have a role to play. Our approach 
aims at the development of a model that is mathematically tractable but at the same 
time physiologically plausible (some of the above models are very difficult to study 
analytically and their interpretation is not always clear). Our model is a multiple-
compartment Windkessel model, which is mathematically tractable given the reduced 
number of parameters and adequate to describe the physiological complexity by ad-
dressing each compartment for the purposes of meaningful predictions. In addition, 
alveolar gas exchanges are considered as the first step towards the integration with the 
other systems. The modular nature of these models allows the study of specific sys-
tems before integration within the whole organism.  

5.2.1  Respiratory System Numerical Modelling 

Our approach is based on the three-compartment model (Fig. 1) developed by Liu and 
co-workers [18] following the seminal papers by Golden et al. [19] and Olender et al. 
[20]. The respiratory system is divided into three (interconnected) compartments (Fig. 

1): the upper airways, communicating with the external environment through the 
mouth and with the intermediate region, which is collapsible; the third compartment is 
the alveolar region communicating (through gas exchange, in this model only oxygen) 
with the cardiovascular system (capillary network). As in any Windkessel model, the 
basic elements of the circuit are: resistance R to the flow Q, and the volume of the 
region V. The relation among these variables and parameters is established by classi-
cal fluid dynamics laws [21]:  
 

 Poiseuille's law, which describes the relationship between the pressure drop 
(ΔP) in a tube and the flow rate Q along the tube: 
 
            P R Q                                                    (1) 
 
where R is the resistance of the tube (which depends on the geometry of the 
tube and the viscosity of the fluid). The tube must be rigid and not affected 
by pressure changes. 

 
 Vessel compliance (related to tube elasticity in the collapsible region) is the 

equivalent of electrical capacity of a capacitor (C): 
 
   dPQ C

dt
                                                            (2) 

 
 Finally, from blood inertia (Newton second law) inductance (L) can be de-

fined as: 
 
   dQP L

dt
                                                            (3) 

 
Our model is a simplified version of existing models [18-20, 22-25] and describes the 
relationship between the cardiovascular network (arteries, capillaries and veins) and 
the respiratory system at different levels: mouth and upper airways, collapsible struc-
tures, lower airways, alveoli.  
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Fig. 1. Lumped parameter model of the respiratory system. Rupper is the upper airway resis-
tance; Rcoll (Ccoll) is the resistance (compliance) of the collapsible mid-airway; Rair_small is 

the small airway resistance; RLung_Tissue is the lung tissue resistive constant; Pel is the elastic 
recoil pressure. 

 

5.2.2   Mouth and Upper Airways Compartments 

The respiratory cycle begins with air inflow through the mouth; then air flows through 
a set of rigid tubes lumped in a single compartment. The upper airway is the first 
compartment, which consists of a rigid tube with inflow resistance [19] as follows: 
 

         upper u u upperR A K Q                                               (4) 
 

where Au is the linear resistance of the upper airways, Ku is the flow-dependent resis-
tance of the upper airways and Qupper  is the airflow rate in the upper airways (Fig. 1). 
According to the continuity law, we can relate the airflow rate in the upper airways 
and in the collapsible region as follows: 
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where Vupper is the volume of the upper airways, Pmouth is the atmospheric pressure, 
Pcoll is the pressure in the collapsible region (the intermediate region is within the 
pleural space and changes its shape according to pressure and air flow), Rupper is the 
upper airway resistance, Rcoll is the collapsible airway resistance and Qcoll is the col-
lapsible region airflow rate.  
From Fig. 1 the collapsible airway resistance (Rcoll) can be expressed by [19]: 
 

   
2

coll
coll coll

VC

K 2R K1
Volume
 

  
 

                                    (6) 

 
VolumeVC is the collapsible volume. Equation 6 was modified by Liu et al [18] as 
follows: 
 

   
2

VC max
coll co

VC

VolumeR K
Volume

 
  

 
                         (7) 

 
VolumeVCmax is the maximum collapsible airway volume. 
The meaning of the model parameters are shown in Tab. 1 with their units. 
The transmural pressure (i.e. the difference between the pressure in the collapsible 
region and the intrapleural pressure) is given as a function of the collapsible volume 
(VolumeVC) according to the following formula [23]: 
 

2

VC VC
c c
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
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

  (8) 

 
 

where Ac, Bc and B*
c are different constants determined by forcing continuity and dif-

ferentiability at VolumeVC/VolumeVCmax=0.5. 
According to Eq. 8, Fig. 2 describes the relation between the transmural pressure PTM 
and the collapsible volume (VolumeVC). 
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Fig. 2. Plot of the relation between the intramural pressure PTM and collapsible volume 
(VolumeVC), expressed in Eq. 8. Left panel shows the relation during normal breathing. Right 

panel shows the relation during Forced Vital Capacity (FVC) maneuver. 

The collapsible pressure (Pcoll) is defined by the following relationship [18]: 

coll TM pleura refP P P P    (9) 

The alveolar pressure is defined as follows: 

alveo
alveo pleura Lung _Tissue ref

dVP P R Pel P
dt

               (10) 

where Ppleura is the pressure within the pleural space and Pel is the lung elastic recoil 
pressure. Pref  is the reference pressure at body temperature. 
From Eq. 10 we have: 

alveo pleura refalveo
alveo

Lung _Tissue

P P Pel PdVQ
dt R

  
   (11) 

The intrapleural pressure (also called intra-thoracic pressure) is described by the fol-
lowing formula [28]: 

(12) 
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where T represents the respiratory cycle duration. 
The lung elastic recoil pressure during the expiration and inspiration phases (Pel) is
defined [18] as a function of Valveo only: 

(13) 

where na, nb, nc and nd are auxiliary functions of the volume variables:

(14)

V* is the alveolar volume after expiration (5300≤V*≤10300 [ml]) [20], RV is the lung
residual volume (RV≈1500 [ml]) and Valveo is the alveolar volume. PelMAX is the lung 
elastic recoil pressure measured at V* and εKonst is a scale factor used to define inspira-
tory Pel for each patient.
The total pressure in the rigid dead space section (Pupper) is defined by (Fig.1):

(15)

5.2.3 Collapsible Compartment

The intermediate region, i.e. the physiological pulmonary region, consists of compli-
ant tissue, namely the collapsible region. In the model the airflow rate between the 
collapsible airway and the alveolar space is defined by (Fig. 1): 

  (16) 

The small airway resistance (Rair_small) is given by equation [23]:
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where na, nb, nc and nd are auxiliary functions of the volume variables: 
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V* is the alveolar volume after expiration (5300≤V*≤10300 [ml]) [20], RV is the lung 
residual volume (RV≈1500 [ml]) and Valveo is the alveolar volume. PelMAX is the lung 
elastic recoil pressure measured at V* and εKonst is a scale factor used to define inspira-
tory Pel for each patient. 
The total pressure in the rigid dead space section (Pupper) is defined by (Fig.1): 
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5.2.3   Collapsible Compartment

The intermediate region, i.e. the physiological pulmonary region, consists of compli-
ant tissue, namely the collapsible region. In the model the airflow rate between the 
collapsible airway and the alveolar space is defined by (Fig. 1): 
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The small airway resistance (Rair_small) is given by equation [23]: 
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Abbreviations Ref. Eq. 
Au Linear resistance of upper airways [mmHg·cm-3·sec] [19] 4 
Ku Flow-dependent resistance of upper 

airways 
[mmHg·cm-6 ·sec2] [19] 4 

VolumeVC Collapsible airway volume [cm3] [19] 6, 7, 8, 
20, 21 

Qupper Airflow rate in the upper airways [l/min] [19] 4, 5, 15, 
20, 21 

Vupper Instantaneous upper airway volume [cm3] [18] 5 
Pmouth (PSAT) Total pressure (O2 saturated partial 

pressure) in the ambient 
[mmHg] [18] 5, 15, 20 

GasDiffusion Oxygen lung diffusion capacity [ml·sec-1·mmHg-1] [30] 22, 23 
PO2 Partial pressure of O2 in expired 

gas 
[mmHg ] [30] 23 

KGD1 (KGD2) Gas diffusion constants [22] 23 
T Respiratory cycle duration [sec] [28] 12 
VolumeVCmax Maximum collapsible airway vol-

ume 
[cm3] [18] 7, 8 

AC, BC, B*
C Model parameters for PTM [mmHg]  [23] 8 

Ks Model parameter for Rair small [23] 17 
V* Alveolar volume at end inspiration [cm3] [20] 13, 14, 

17, 18 
RV Lung residual volume [cm3]  [20] 13, 14, 

17 
εKonst Scale factor for Pel  [18] 13 
As, Bs Model parameters for Rair small 17 
KonstRvc 
(RvcSTART) 

Scaling factor (Offset parameter) 
for Rvc 

[mmHg·cm-3·sec]      [23] 
[mmHg·cm-3·sec] [22] 19 

RpucSTART Pulmonary capillary resistance at 
Volumepucmax 

[mmHg·cm-3·sec] [18] 18 

RpuaSTART 
(RpuvSTART) 

Mean pulmonary arterial and arte-
riolar (venous and venuolar) re-
sistance during passive breathing 

[mmHg·cm-3·sec] [18] 18 

Rvc Vena cava resistance [mmHg·cm-3·sec] [22] 19 
VolumeVCavaMAX Maximum luminal volume of the 

vena cava 
[cm3] [22] 19 

Volumepucmax Maximum pulmonary capillary 
volume 

[cm3] [18] 18, 23 

tinspiration Inspiration time [sec] [28] 12 
Konst1 Volume dependent constant for 

Rpua, Rpuv 
[mmHg·l-5·sec] [18] 18 

Konst2 Parameter characterizing arterial 
and venous resistances 

[mmHg] [18] 18 

Table 1. List of variable and parameter symbols, together with their physiological 
meaning,  units, references in literature and equations where they are used. 
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Abbreviations Ref. Eq. 
K1coll, K2coll Model parameters for Rcoll  [19] 6 
K1, K2, K3, K4 Model parameters for Pel  [18] 13, 14 
Pstandard Standard pressure 760 [mmHg] [18] 20, 21 
Tbody Body temperature  310 [K] (37°C) [18] 20, 21 
VDS Anatomic dead space volume [cm3] [18] 20, 21 
Pref Reference pressure at body tem-

perature 
[mmHg] [18] 9, 10, 11 

Tenv Environmental temperature  298 [K] (25°C) [18] 20, 21 
Pcoll Pressure in collapsible region [mmHg] [18] 5, 9, 16 
Rupper Upper airway resistance [mmHg·cm-3·sec] [18] 4, 5, 15 
Rcoll Collapsible region resistance [mmHg·cm-3·sec] [18,19] 5, 6, 7 
Qcoll  Flow in collapsible region [l/min] [18] 5, 20, 21 
Valveo Alveolar region volume  [cm3] [18,23] 10, 11, 

13, 14, 
17, 18,  
20, 21 

PTM Transmural pressure  [mmHg] [18,23] 8, 9 
Ppleura Pleural pressure  [mmHg] [18,28] 9-12, 18 
Qalveo Alveolar flow [l/min] [18] 11 
Pel Lung elastic recoil pressure [mmHg] [18] 10, 11 
RLung Tissue Lung tissue resistance  [mmHg·cm-3·sec] [18] 10, 11 
PelMAX Maximum lung elastic recoil pres-

sure 
[mmHg·cm-3·sec] [18] 13, 14 

PelEXP (PelINSP) Lung elastic recoil pressure during 
expiration (inspiration) 

[mmHg] [18] 13 

Kco Magnitude of collapsible airway 
resistance at VolumeVCmax 

[mmHg·cm-3·sec] [18] 7 

Pupper Rigid upper airway pressure  [mmHg] [18] 15 
Qcoll_alveo Flow between collapsible airway 

and alveolar space 
[l/min] [18] 16, 20, 

21 
Palveo Alveolar pressure [mmHg] [18] 10, 11, 

16 
Rair small Small airways resistance  [mmHg·cm-3·sec] [18] 16, 17 
Rpuv (Rpuc) 
[Rpua] 

Pulmonary venous (capillary) [al-
veolar] resistance 

[mmHg·cm-3·sec] [18,30] 18 

Volumepuc Pulmonary capillary volume [cm3] [18] 18, 22 
VolumeVCava Luminal volume of the vena cava [cm3] [22] 19 
PupperO2 (PcollO2) 
[PalveoO2] 

Partial pressure of O2 in upper 
(collapsible) [alveolar] region  

[mmHg] [18] 20, 21 

Tstandard Standard temperature  273 [K] (0°C) [18] 20, 21 
Qcapillary Respiratory/cardiovascular flow [l/min] [18] 20, 21 
Ppartial1 (Ppartial2) Partial O2 pressure in alveolar 

space (in blood) 
[mmHg] [18] 22 
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5.2.4   Effects Induced on Pulmonary and Vena Cava Resistances  

A modified (Fig. 3) numerical model [29] has been used to study the effects of the 
respiratory system on the pulmonary circulation and the vena cava section.  
 
 

 

Fig. 3. Electric analogue of the pulmonary and vena cava sections. A 0-D model is used to 
reproduce the behaviour of the pulmonary and vena cava circulation. Rpua, Rpuc, Rpuv and Rvc 

are affected by the respiratory system. 

 
In Fig. 3 the pulmonary circulation is divided into pulmonary arteries, capillaries and 
veins compartments. Pulmonary venous (Rpuv), pulmonary capillary (Rpuc) and pulmo-
nary arterial (Rpua) resistances are affected by the respiratory system as follows: 
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where Volumepuc and Volumepucmax are the pulmonary capillary and the maximum  
pulmonary capillary volume, respectively. Konst1 is the parameter characterizing the 
volume dependence of Rpua and Rpuv. Konst2 is the parameter characterizing arterial 
and venous resistance relation to effort. RpuaSTART (RpuvSTART) is a constant set ap-
proximately at the mean value of Rpua (Rpuv) during breathing. RpucSTART  is the magni-
tude of Rpuc at Volumepucmax. 
The vena cava resistance (Rvc) is a non linear function of the luminal blood volume 
[22]: 
 

   
    (19)
    

 
where RvcSTART value can be set ≈0.025 [mmHg·cm-3·sec], KonstRvc can be set ≈0.001 
[mmHg·cm-3·sec], VolumeVCava is the vena cava volume and VolumeVCavaMAX can be 
set ≈350 cm3. 

5.2.5   Gas Exchange 

 At the end of the airways, in the alveolar region, the inhaled gases are conveyed in 
the cardiovascular capillaries. Finally, the reverse process brings the CO2 from the 
blood to the lungs. In [18] the behaviour of O2, CO2 and N2 is modelled while in our 
model only the oxygen exchange is simulated [30-32]. The following equations are 
used for the inspiration phase: 

 
 

                                                                                                                                                                       (20) 

and for the expiration phase: 
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tient in a non distant future by monitoring fundamental physiological parameters and 
acting on a diseased status. 
In sport medicine, the numerical simulator may be used to extract physiological pa-
rameters and define a training program that is specific for a particular athlete to im-
prove his/her performance.  
Future developments. In this chapter we have described the first step of a project 
aiming to study the effects of an oxygenator on the cardiovascular and respiratory 
systems in terms of haemodynamic, energetic and gas parameters. Sophisticated mod-
els of the circulation have been developed with particular reference to region of inter-
est like 3-D models of the aorta. The use of a shared input/output set of parameters 
may help develop a “crosstalk” between regional models and eventually reproduce a 
large-scale human physiome tool.  
The hybrid device (mathematical simulation models integrated into a medical 
dummy) may be used in clinical research, for the training of medical and nursing staff 
and the education of medical, biomedical and clinical engineering students.  
Personalized medicine. Clinical practice is based on the application of “general” 
principles to specific cases (the patients), each one with a unique response to the 
treatment [33]. More recently, the concept of personalized approach where treatment 
is patient-specific is being appreciated in view of its potential. Mathematical model-
ling may play a significant role for the development of patient-specific clinical strate-
gies. A model must have a limited but meaningful set of “adjustable” physiological 
parameters to act upon in a clinical environment. Although the model presented in 
this chapter requires many parameters in view of the complex interactions being con-
sidered, their number is easy to manage. Needless to say, an excessive number of 
parameters is the main reason why some detailed lumped parameter models have been 
abandoned. For example, there are “intrinsic” (e.g. in Eq. 13 for lung elastic recoil 
pressure in expiration and inspiration phases) and “external” parameters which allow 
monitoring of patient conditions and therapeutic intervention if required. Despite their 
limitations, 0-D models may help predict the behaviour of a physiological system and 
guide therapeutic intervention. Finally, the development of a large scale program with 
normal range parameters for comparison purposes is part of the ambitious target of 
the forthcoming "physiome" program that may well become reality in a non distant 
future.   

                        
 
                   (21) 

 
 
 
 
 
In Eqs. 20 and 21 PupperO2, PalveoO2 and PcollO2 are the oxygen partial pressure in the 
upper airway, alveolar and collapsible regions, respectively. Tbody is the body tempera-
ture (37°C) and Tenv is the environmental temperature (25°C).    
The respiratory/cardiovascular flow (in other words the flow between the alveolar 
space and the venous system, capillaries only) is defined as: 
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where 
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GasDiffusion [ml·sec-1·mmHg-1] represents the oxygen lung diffusion capacity in 
STPD conditions (i.e. oxygen consumption and carbon dioxide delivery at standard 
temperature (0 ºC), barometric pressure at sea level (101.3 kPa) and dry gas: standard 
conditions for temperature and pressure). Equation 23 is simplified respect to [18]. 
In Eq. 22 Ppartial1 and Ppartial2 are the partial pressure of the gas in the alveolar space 
and in the blood into capillary vessels, respectively. In Eq. 23 KGD1 and KGD2 are gas 
diffusion constants. 
 

5.3 Conclusion
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mammals) and humans is becoming an invaluable tool with potential for application 
in clinical practice and research. Theoretical considerations and numerical simulations 
of physiological processes may play a role in guiding or predicting the outcome of 
therapeutic intervention, either pharmacological or device based.  
The modular and integrated simulation (“in silico”) of organs and physiological sys-
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